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Series 10 General relativity 20 Nov. 2024

10.1 Let ¢ : R*! — R be a smooth solution to the wave equation

Dn¢ =0 (1)

on (R™"! n). For any 7 € R, we will denote by E[¢)](7) the total energy of ¢ at time t = 7, i.e.

el = [ (0w +1V.0P) o

(a) Using the energy inequality for the domain of a truncated cone that we established in
class, show that, if the initial data (g, 1) = (¢|t:0, aﬂﬁt:o) of 1 at t = 0 are compactly
supported, then for any 7 € R we have

EW](T) = EW)(0) = /to (wf + |wa0]2) dz.

(b) Show that the same equality is still true if (g, 1)1 ) are not necessarily compactly supported,
but satisfy

/ (2 +19200?) dv < +o0.
t=0

(Hint: Apply the energy identity on a sequence of truncated cones of increasingly large
radius R. In order to estimate the corresponding integral on the conical side S of the
domain ans show that it goes to 0 R — 400, apply the energy identity on a different but
appropriately chosen domain which is contained in {1R < |z| < R}.)

10.2 (a) Let T > 0 be a positive number. Show that there exists some Cr > 0 depending only
on T such that the following estimate holds for any solution % of (1) on (R™,n) with
compactly supported initial data at {t = 0}:

sup} (5[1&] (1) + [ )2 dx). (2)

T€l0,T t=T

v de) < Cr- (elul0) + |

=0

Note that the above estimate should be viewed as an energy-type inequality which includes
lower order terms.

(Hint: In order to prove the inequality for the second term in the left hand side, start by
using the expression ft:T V2 dr = fOT ft:s 0y (v?) dzds + L:o Y2 dx. Then apply a Cauchy—
Schwarz inequality for the spacetime integral and use Gronwal’s inequality.)

*(b) For any integrable function f : R® — C, we will denote its Fourier transform by f, i.c.

flor= [ e o) .
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For a function ¢ on R™™!, we will similarly denote by @@ its Fourier transform with respect
to the space variables x. If 1 solves (1), show that (¢, &) solves the following ODE in
time:

OF(t, &) + [€1%(t, ) = 0.
Deduce that, in terms of the initial data (g, 11) at t = 0, ¢ can be expressed via the

relation .
sin([€]¢) -

T@bl(ﬁ)-

Using the above expression, show that, in the case when the space dimension satisfies
n 2> 2, for any solution 1 arising from smooth and compactly supported initial data which
satisfy 19 = 0 and 91(0) # 0, we have

U(t, &) = cos(|€]t) o (€) +

limsup/ ] dx = +oo0.
t=1

T—F00

In particular, the estimate (2) cannot hold with a constant C which is uniformly bounded
in 7" > 0 (unlike the simplest energy identity).

10.3 Consider the wave-type equation

0,06 + A"0,6+ B =0

on R™™! with A a smooth vector field on R"™ and B € C°(R"™). For any 0 < T < R,
consider the truncated spacetime cone

QT,R = U {T} X BR,T.

T7€[0,7T

Show that the modified energy

ElPl(r) = /{t:T}wRT ((8@)2 + |V.0|? + |¢12> dx

satisfies the analogue of (2), i.e.

El¢)(7) < Cr.xE[8](0).

for some Cp r > 0 depending only on 7', R and the precise form of A, B. Deduce that ¢ = 0 on
the whole of K7 g if (¢, 0;0)|10yx 5, = 0.

(Hint: Starting from the energy identity as we did in class for O,¢ = 0, show that g[¢] (1)
satisfies a Gronwall-type inequality; see also Fz. 10.2.)
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10.4 Let us consider the Schwarzschild exterior spacetime (M, gys) (i.e. region I of the maximal
extension) in the (t*,7,0,¢) coordinate system of Exercise 8.2 (with r € (2M, 4+00)). Recall,
that these coordinates are smooth across the future event horizon and the Schwarzschild metric
takes the form

2M 4M 2M

g = — (1 - —) (dt*)2 + = dt*dr + (1 n —)dﬂ + 12 (d6? + sin? 0dg?).

r r r

(a) Show that the hypersurfaces {t* = const} are spacelike and compute their future directed
unit normal vector field n. Setting

— / __4*
u = 62Mlog(r 2M)—t ’

show also that the hypersurfaces {u = €}, for € > 0 sufficiently small, are spacelike. What
is the hypersurface {u = 0}? For T, e > 0, sketch the domain {u > e} N {0 < t* < T} on
the Penrose diagram.

(b) Let ¢ be a smooth solution of the wave equation [J;,,7) = 0. Compute the coordinate
expression of the energy flux E[Y](7) = f{t*:T} JO ] Ak

(¢) Show that £[¢](7) is non-increasing in 7. (Hint: Apply the divergence identity for divJ @)

in regions of the form {m <t* < n}N{u>e¢e} ase—0.)
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